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1 Introduction 



The goal of the 2006 Oberwolfach-Mini- Workshop "L^-spectral invariants and the integrated 
density of states" was to unify the point of views and approaches in certain areas of geometry 
and mathematical physics. The aim of our paper is to make the connection between those 
fields even more explicit. Let us start with a very brief introduction to the theory of integrated 
density of states. 

1.1 Laplace operators on infinite graphs and their integrated densities of 

states 

Let G be an infinite connected graph with bounded vertex degrees. We say that G is amenable 
if there exists a sequence of finite connected spanned subgraphs {Gn}'^=-i such that 

where 

dGn = {xe V{Gn) I there exists y € V{G)\V{Gn) such that {x,y) G E{Gn)} ■ 

Such sequences of subgraphs are called F0lner-sequences. Now let A„ : L^{V{Gn)) 
L^{V{Gn)) be the Laplacian operator 

A„/(x) = deg(x)/(x)- Yl /(y)' 

{y\{x,y)eE{Gn)} 

where the degree of x is considered in the subgraph G„. Then A„ is a finite dimensional positive 
self-adjoint operator. Let 

I {eigenvalues of A„ not larger than A (with multiplicities)}! 

"^^"^^^ ■= \vm\ • 

We call N/\^ the normalized spectral distribution function of A„. We say that the 
integrated density of states exists for the Laplacian of the graph G if there exists a right 
continuous monotone function a such that for any F0lner-sequence {Gn}'^=i- 

hm iVA„(A) = a(A), 

n— >oo 

if A is a continuity point of a. We say that the integrated density of state uniformly exists if 
{^An}^=i uniformly converge to a. 



Question 1 For which amenable graphs G does the integrated density of states exist ? 

Let H be the 2-dimensional lattice and K be the 3-dimensional lattice. Construct a new graph 
G by identifying a vertex of H with a vertex of K. Then the integrated density of states clearly 
does not exist for the Laplacian of G. This example suggests that one needs some sort of 
homogeneity in the local geometry of G. 

1.2 The periodic case 

Let r be a countable group and Lp'iT) be the Hilbert-space of the formal sums X^^gp ^7 • 7, 
where E C and X^^gp |c^7p < Notice that T unitarily acts on L^(r) by 
Ls(^^^Y ^7 ■ 7) = S7er '^s-^-y ' 7 ■ Hence one can represent the complex group algebra CF as 
bounded operators by left convolutions. The weak closure of CF in B{L?'{T)) is the group von 
Neumann algebra NT. The group von Neumann algebra has a natural trace: 

Trr(^) = (^(l),l), 

where 1 G -^^^(r) is identified with the unit element of the group. Let B G J\fT be a self-adjoint 
element, then by the spectral theorem of von Neumann 

/oo 
-00 

where = X[~oo,\]{B) ■ We can associate a spectral measure fiB our operator B by 

IIb[-oo, A] = asiX) = Trr^f • 

Note that the jumps of aB are associated to the eigenspaces of B. Now let L be a finitely 
generated amenable group and Cay(r, 5) be the Cayley-graph of T with respect to a symmetric 
generating set S. Then the Laplacian of G can be regarded as the element 

Ag = ||5||i -^s G cr. 

ses 

Hence the obvious candidate for the integrated density of states is the spectral measure ciAg. 
In fact one has the following result. 

Statement 1 For the Cayley-graph of an amenable group and a F0lner- subgraph sequence 
{Gn}^=i if B G C(r) is a self-adjoint element then {Nb^W^^i uniformly converges to gb, where 
Bn = PnBin and Pn ■ ^^(r) L'^iGn) is the natural projection operator, ip^ ■ L'^iFn) — > -^^(F) 
is the adjoint of pp^ the natural imbedding operator. 
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Similar approximation theorem holds for residually finite groups in the weaker sense. Let F 
be a finitely generated residually finite group with finite index normal subgroups 

r>Ni>N2>...,n^^^Nk = {i}. 

Statement 2 fW^ Let B G CF he a self-adjoint element and let TTk{B) = Bj^ £ C(F/A^fc) be 
the associated finite dimensional linear operators, where vr/j : F ^ /Nj. are the quotient maps. 
Then the spectral distribution functions Nb^ converge at any continuity point of as- 

According to the Strong Approximation Conjecture of Liick the convergence in Statement [2] is 
always uniform. Note that the conjecture holds for amenable groups [5]. 

1.3 The aperiodic case 

In [11] (see also jlO] for a short exposition) Lenz and Stollmann studied graphs constructed by 
Delone sets in M". In these graphs each neighborhood pattern can be seen in a given frequency 
but they do not have any sort of global symmetries. Instead of the Laplacians they considered 
finite range pattern-invariant operators. These operators can be viewed as the aperiodic analogs 
of the elements of the group algebra. They proved the following result. 

Statement 3 Let G be a graph of a Delone-set and be a F0lner- sequence. Also, let 

A he self-adjoint finite range pattern-invariant operator on G. Then the normalized spectral 
distributions {Na„}'^=i converge uniformly to an integrated density of states a a that does not 
depend on the choice of the F0lner- sequence. 

Note that the weak convergence of the spectral distributions was already established by Kel- 
lendonk [8] and by Hof [7]. The obstacle what Lenz and Stollmann had to overcome was the 
possible discontinuity of the integrated density of states due to the existence of finitely sup- 
ported eigenfunctions. This phenomenon did not occur in the case of lattices. Note however 
that for certain amenable groups Grigorchuk and Zuk proved the existence of finitely supported 
eigenfunctions j6] for the Laplacian operators. 

1.4 Our results 

In Section[2]we study weakly convergent sequences of finite graphs introduced by Benjamini and 
Schramm [Ij. These graph sequences are exactly the ones for which each neighborhood pattern 
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can be seen at a certain frequency. We introduce two notions: strong graph convergence and 
antiexpanders. Strong graph convergence immediately ensures the uniform convergence of the 
normahzed spectral distributions of the Laplacians. The notion of antiexpander seems to be the 
right notion of amenability in the world of weakly convergent graph sequences. We prove that 
one can always pick strongly convergent subsequences from weakly convergent antiexpander 
sequences and conjecture that weakly convergent antiexpander sequences are actually always 
strongly convergent. In Section [3] we associate von Neumann algebras to weakly convergent 
graph sequences via finite range pattern- invariant operator sequences. Note that von Neumann 
algebra was considered in [Tl| as well, using the action of i?" on the tiling space generated by the 
Delone-set. In this paper we do not have any group action only the "statistical symmetry" given 
by the existence of the pattern frequency. We construct a limit operator in our von Neumann 
algebra for finite range pattern-invariant operator sequences. Generalizing Statement [2] we 
prove that the spectral distribution measure of the limit operator is the integrated density of 
states. Then in Section [J] we are dealing with amenable graphs and as our main result we 
answer Question 1 for a rather large class of graphs generalizing Statement [T] and Statement [31 

Main result (Theorem If G is an amenable graph such that all the F0lner- sequences 
{Gn}'^=i are weakly convergent antiexpanders, then for any self-adjoint finite range pattern 
invariant operator A the integrated density of states a a uniformly exists. 

2 Graph sequences of bounded vertex degrees 
2.1 The weak convergence of graph sequences 

First let us recall the notion of weak convergence of finite graphs due to Benjamini and Schramm 
in a slightly more general form as in [Ij. A rooted (d, r, X, S')-graph is a finite simple connected 
graph G 

• with a distinguished vertex x (the root), 

• such that deg (y) < d for any y G ^(G), 

• such that dcix^^z) < r for any z € V{G), where do denotes the usual shortest path 
distance, 

• the vertices of G are colored by the elements of the set X, 
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• the directed edges of G are colored by the elements of the set S (that is both (x, y) and 

if {x,y)eE{G)). 

In general, we shall call finite graphs with vertices colored by X and directed edges colored 
by S\ {X, 5')-graphs. Two rooted (d, r, X, S')-graphs G and H are called rooted isomorphic 
if there exists a graph isomorphism between them mapping root to root, preserving both the 
vertex-colorings and the edge-colorings. 

Let A{d, r, X, S) denote the finite set of rooted isomorphism classes of rooted (d, r, X, S')-graphs. 
Now let G be an arbitrary finite (X, S')-graph. Then for any r > 1 we can associate to G a 
probability distribution on A{d, r, X, S) by 

\T{G,a)\ 

where T{G,a) denotes the set of vertices z G V{G) such that the r-neighbourhood of z; Bj.{z) 
represents the class a. 

Definition 2.1 Let G = {Gn}'^=i be a sequence of finite connected 

{X, S)-graphs such that V{Gn) oo as n tends to oo. Then we say that G = {Gn}^=i is 
weakly convergent if for any r > 1 and ct G v4(c?, r, X, S), Yinin—^csD PGnip) exists. 

Note that if|-^| = 1, IS"! = 1 then this is the usual definition of weak convergence for non-colored 
graphs. 

2.2 Strong convergence 

Let G be an (X, S')-graph and y G V{G). Then the star of y, Saiy) is defined as follows; 

• V{SG{y)) consists of y and its neighbours. 

• E^Sciy)) consists of the edges between y and its neighbours. 

• The coloring of Saiy) is inherited from G (that is Soiy) is an {X, S')-graph as well). 

Definition 2.2 Let G,H be two not necessarily connected graphs on the vertex set V. Then 
the S-distance of them is defined as 

^{G, H) .= — . 

Note that = means rooted {X, S')-colored isomorphism not merely graph isomorphism. 



Lemma 2.1 5 defines a metric on the {X, S)-graphs with vertex set V. 

Proof. Clearly, d{G, H) = if and only ifG = H. Also, d{G, H) = 6{H, G). Let us check the 
triangle inequality. Let G, H, J be three graphs on V. 

{yeV \ Saiy) ^ Sj{y)} c{yeV \ Saiy) ^ SH{y)} u{yeV \ SH{y) ^ Sj{y)} . 

That is S{G, J) <6{G,H) +S{H, J). I 

Let a £ S{V) be a permutation of the vertices. Then H'^ denotes the {X, S')-gTapli on V, where 
{a{x),a{y)) € E{H^) if and only if {x,y) € E{H). Also, cr(x) in H"^ is colored the same way 
as a; is colored in H, respectively {a{x),a{y) is colored the same way as {x,y) is colored in the 
graph H. Hence we can define 

Ss{G,H)= inf 5{G,H'^). 



Lemma 2.2 5s defines a metric on the isometry classes of {X, S)- graphs with vertex set V. 
Proof Clearly, G ^ H if and only if 6siG, H) = 0. Also, 

5s{G,H)= ini 5{G,H-)= ini 6{G'^-\h) = Ss{H,G) . 

aeS{V) <7eS{V) 

Now let G, H, J be three graphs with vertex set V and let 6s{G, H) = 6{G, H'^^) and Ss{H, J) = 
d{H, J''^) . Then 6s{H, J) = 6{H''\ J''^''^), hence 

Ss{G, J) < d{G, r^'^') < 5s{G,H) + 5s{H, J) . I 

Now we are ready to define the geometric distance of two arbitrary finite connected {X, S)- 
graphs. Let G and H be (X, S')-graphs. Also, let q,r be two integers such that = 
r\V{H)\. Denote by qG the union of q disjoint copies of G. Then 6s{qG,rH) is well-defined 
since the graphs qG and rH can be represented on the same vertex set. 

Definition 2.3 The geometric distance of the finite connected {X, S) -graphs G and H is defined 
as 

dpiG,H)= inf 6s(qG,rH). 

{q,r\q\V(G)\=r\Vm} 

Proposition 2.1 5p defines a metric on the set of isomorphism classes of finite connected 
{X, S) -graphs. 



Proof. Clearly, Sp{G,H) = Sp{H,G). Now let us check the triangle inequality. Let Sp{G,H) > 
dsiqG,rH) + e and 6p{H, J) > SsisH,tJ) + e. Obviously, Ss{qG,rH) > Ss{sqG, srH). Thus 

5p{G, H) + 5p{H, J) > 6s{sqG, srH) + Ss{srH, rtJ) + 2e > 5s{sqG, rtJ) + 2e > 5p{G, J) + 2e . 

Letting e ^ we obtain the triangle inequality. The last step is to prove that if Sp(G,H) = 
then G = H. First suppose that \G\ < \H\. Let tH and sG be represented on the same vertex 
set V. We would like to estimate d{tH, (sGy) . Since \G\ < \H\ at least one edge in each of the 
t copies of H connects two different components in {sG^ hence 

This shows immediately that Sp{H, G) > jyjjjy^ > 0- 

Now let us suppose that \G\ = \H\, but G ^ H. Suppose that tG and tH are represented on 
the same vertex set V. Again, we estimate 5{tH, {tGY) . For each of the t copies of H; 

• there exists an edge connecting two components in {tGY 

• or the vertices of the particular copy are exactly the vertices of a copy of G in {tGY ■ 

Consequently in each of the t copies there exists at least one vertex such that its star in tH is 
not isomorphic to its star in {tGY ■ Hence 6{tH, {tGY) ^ \v{h)\ - Sp{G,H) > 0. I 

2.3 Strong convergence implies weak convergence 

Let G = {Gn}'^=i be a sequence of finite connected {X, S')-graphs with vertex degree bound d 
such that {Gn}^=i is a Cauchy-sequence in the (5p-metric. Then we say that G is a strongly- 
convergent graph sequence. 

Proposition 2.2 // G is strongly convergent then G is weakly convergent as well. 

Proof. Let r > be a natural number, e > be a real number. It is enough to prove that there 
exists S > depending on r, e and on the uniform degree bound d such that if 6p{G,H) < 6 
for the {X,S)- graphs G,H with vertex degree bound d, then \pG{ct) — pH{ct)\ < e for any 
a G A{d, r, X, S). Let t be the maximal possible number of elements in a finite connected graph 
with diameter 2r and vertex degree bound d. Let S = and suppose that pg{cx) —pH{a) > e 
for some a G A{d,r,X,S) and also Sp{G,H) < S. Then there exists / and m, ^ = , 
such that 6{IG, {mHY) < 25 (We represent IG and mH on the same vertex set). Note that 



Picio) = PG{o!),p(^mH)'^ (o^) = Ph{o!) . Let Ti (resp. T2) be the set of vertices in IG (resp in 
{mHY having r-neighbourhood isomorphic to a. According to our assumption 

|ri|-|r2|>e/|y(G)|. (1) 

The number of vertices x in IG such the star of x in IG is not isomorphic to its star in {mHY 
is less than 25l\V{G)\. Denote this set by W. Let T' C Ti be the set of vertices z such that 
Br{z) contains an element of W . Observe, that if y € Ti\T[ then y E T2. Indeed if y € Ti\T[ 
then the r-neighborhood of y as an (X, S')-graph in IG is exactly the r-neighborhood of y in 
{mHY ■ For w ^ W lei Sw be the set of vertices in IG such that if x G S*^ then w G Br{x). 
Clearly, \Su,\ < t. Therefore |r{| < 26tl\V{G)\ . Since 2td < e we are in contradiction with ([T|) . 
I 

Remark: The motivation for the definition of our geometric graph distance was the graph 
distance 6a defined in [2] . In [2] the authors studied the convergent sequences of dense graphs 
and proved (Theorem 4.1) that a sequence of dense graphs is convergent if and only if they 
form a Cauchy- sequence in the 5n metric. 

2.4 Antiexpanders 

Antiexpanders (or in other words hyperfinite graph sequences) were introduced in [3]. 

Definition 2.4 Let G = {Gn}^=i be a sequence of finite, connected graphs with vertex degree 
bound d. Then G is an antiexpander if for any e > there exists i^e > such that for any 
n > 1 one can remove e\E{Gn)\ edges in Gn such a way that the maximal number of vertices 
in a component of the remaining graph G'^ is at most . 

The simplest example for an antiexpander sequence is {Pn}^=i, where Pn is a path of length n. 
The reason we call such sequence antiexpander is that if H = {Hn}'^=i is an expander sequence 
then for some e > by removing not more than e\E{Gn)\ edges from G„ then at least one of 
the components of the remaining graph will have size at least ^|y(Gn)|. Thus the notion of 
antiexpanders is indeed the opposite of the notion of expanders. 

Proposition 2.3 If G = {Gn}'^=i is a strongly convergent sequence of vertex degree bound d 
then G is an antiexpander sequence. 
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Proof. First pick a constant e > 0. Since G is strongly convergent there exists a number 
such that dp{Gne,Gn) < ^ if n > n^. 

Claim: Ifn>ne then one can remove eE{Gn) edges from On such that in the remaining graph 
G'^ the maximal number of vertices in a component is at most \V{Gn^)\. 

Indeed, let us represent pGn^ and qGn on the same vertex space such a way that S{pGnc , qGn) < 
2 ■ Let us denote by r„ the set of vertices x in qGn such that the star of x in qGn is not 
isomorphic to the star of x in pGn^. By removing edges incident to the vertices of T„, all the 
remaining components shall have edges from pGn^ ■ Thus the maximal number of vertices in a 
component shall be at most |V^(Gne)l- By our assumption, 

q\V{Gn)\ 

Therefore we removed at most eq\V{Gn)\ edges. By the pigeon hole principle, there exists a 
component of qGn from which we removed at most e|F(G„)| edges. Thus our claim and hence 
the proposition itself follows. I 

2.5 Weakly convergent antiexpanders 

In the previous subsections we proved that if G = is a strongly convergent sequence of 

graphs with vertex degree bound d, then G is a weakly convergent antiexpander system. The 
following proposition states that at least a partial converse holds. 

Proposition 2.4 Let G = {Gn}^=i be a weakly convergent antiexpander sequence of {X,S)- 
graphs with vertex degree bound d. Then there exists a subsequence {Gn^^'^^i that converges 
strongly as a sequence of {X, S)- graphs. 

Proof. Clearly, it is enough to prove that for any e > there exists a subsequence such 
that dp{Gni,Gn^) < e for any pair l,m> 1. Let Si = For any n > 1 we remove di\E{Gn)\ 
edges from G„ such that in the remaining graphs even the largest components have 

at most K vertices. We call a vertex z G V{Gn) = V{G'jJ exceptional if we removed at least 
one of the edges incident to z. Clearly, the number of exceptional vertices in G„ is not greater 
than 5id\V{Gn) \ ■ Let Hi,H2, . . . , be the isomorphism classes of connected {X, S')-graphs 
with vertex degree bound d having at most K vertices. For 1 < i < we denote by c" the 
number of components in G„ colored-isomorphic to ifj. Let rf = ^y^Q for any 1 < i < Mk- 
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Pick a subsequence {Gn,.}'kLi such that for any 1 <i < Mk and l,m> 1: 

\ ni _ nm I < ^ = ! . (2) 

' ' » I - ^ lOOM^K ^ ' 

Now pick two numbers l,in >1. The proposition shah fohow from the following lemma. 

Lemma 2.3 (^p(GnpG„^) < e. 

Proof. First consider the graph Zi consisting of disjoint copies of Gfii and the graph Z^yi 

consisting of |V^((jn()| disjoint copies of We assume that the vertex spaces of Zi and Zm are 

the same. Also, we consider the subgraphs Z'^ (resp. consisting of (resp. 
copies of (resp. G'^J. In (resp. in Z^) we have |F(G„^)|<' (resp. |F(G„J|c^'") 
components isomorphic to Hi. For 1 < i < Mk let Qi = min{|F(G„^)|c"MF(G„J|c"'"}. 
Choose qi copies of components of Z'^ (resp. of Z'^) isomorphic to Hi. 

If z G V{Zi) (resp. z G V{Zjn)) is not in the chosen copies for any 1 < i < Mk, then call z 
(resp. w) a non-matching vertex. Now construct a permutation a on the vertices of Zm that 
for each 1 < i < Mk maps the chosen qi copies of Z^ onto the qi copies of Z'^ isomorphically. 
Define a arbitrarily on the non-matching vertices. 
Claim: 

\A\ + \B\ + \C\ + D\ 

zj < — — , (3) 

where A (resp. B) is the set of non- exceptional vertices in Zi (resp. in Zj^) and C (resp. D is 
the set of non-matching vertices in Zi (resp. in Zm)- 

Indeed, if z is not in ^4 U (j(B^ U C U o"(Z)) then its star in Zi is the same as its star in Z^. 
Now by our earlier observation 

ma^{|^|, \B\} < Sid\V{Gn,)\\V{GnJ\ = Sid\V{Zi)\ . 

For the number of non-matching vertices we have the estimates 

Mk Mk 
\C\ < ^ i\ViG^J\cT - q^) K \D\<Y, {\V{Gm)K- -q,)K. 
i=l i=l 



Recall that 

< S2. 



|F(G„J| \V{GnJ\ 

That is \\ViGnJ\c^' - iViGnM^'l < S2\ViZi)\ . Hence |y(G„^)|C - % < S2\V{Zi)\ . There- 
fore, 

<MkS2K and -J^^ < MkS2K . 



\V{Zi)\ - - \ViZm)\ 
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Thus by © 

5p{Gn,,GnJ < 5s{Zu Z^) < 2d5i + 2m52K < e . 

Hence our proposition follows. I 

We finish this subsection with a conjecture. 

Conjecture 1 Let G = {Gn}'^=i be a weakly convergent antiexpander sequence of uniformly 
bounded vertex degrees. Then G is strongly convergent as well. 

For the first sight the conjecture might seem to be a little bit too bold, nevertheless it is not 
very hard to check that Proposition 12.41 together with the Ornstein- Weiss Quasi-Tiling Lemma 
implies the conjecture for the F0lner-subsets of Cayley-graphs of amenable groups. 

2.6 Examples of antiexpanders 

Graphs with subexponential grovi^th: Recall that a monotone function / : N ^ N has 
subexponential growth if for any /3 > there exists > such that /(r) < exp{(3r) if 
r > rp . We say that a graph G has growth bounded by / if for any x £ y{G) and r > 1, 
< f{r). A graph sequence G = {Gn}'^=i is of subexponential growth if there exists a 
monotone function / : N — > N of subexponential growth such that G„ has growth bounded by 
/ for any n > 1. The following proposition is due to Jacob Fox and Janos Pach. 

Proposition 2.5 If G = {Gn}^=i is a graph sequence of subexponential growth with vertex 
degree bound d then it is an antiexpander sequence. 

Fix a constant e > 0. 

Lemma 2.4 For any function f of subexponential growth there exists Rj > such that if a 
graph G has growth bounded by f then for some 1 < r < Rf 

\Br+l{x)\ 



\Br{x)\ 



< 1 + e. 



Proof. If the lemma does not hold, then for each R > there exists a graph G of growth 
bounded by / such that for some x G V{G) : \Bji{x)\ > (1 + e)^~^ which is in contradiction 
with the subexponential growth condition. I 

By the vertex degree condition, it is enough to prove that if G is an arbitrary finite graph of 
growth bounded by / and of vertex degree bound d then there exists T C V{G), \T\ < e\V{G)\ 
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such that the spanned subgraph of V{G)\T consists of components contaming at most f{Rf) 
vertices. We use a simple induction. If = 1 the statement trivially holds. Suppose that 

the statement holds for 1 < i < n and let |y(G)| = n + 1. Consider a vertex x £ y{G). Then 
there exists 1 < r < Rf such that ^ £• Consider V{G) as the disjoint union 

V{G) = Br{x) U {Br+l{x)\Br{x)) U Z . 

Obviously the vertices in Z have no adjacent vertex in Br{x). Let H be the not necessar- 
ily connected subgraph spanned by the vertices of Z. By induction, we have a set S <Z Z , 
\S\ < e\Z\ such that the components of the spanned subgraphs of Z\S are containing at most 
f{Rf) vertices. Now let T = {Br+i{x)\Br{x)) U S. The components of the graph spanned by 
V{G)\T are the components considered above and Br{x). Clearly, < f{Rf), hence the 

proposition follows. I 

Amenability In we proved that if G is a finitely generated residually finite group with a 
nested sequence of finite index subgroups r„; nj^^r^, then their Cayley-graphs (with respect 
to generators of T) form an antiexpander sequence if and only if T is amenable. By the same 
simple application of the Ornstein- Weiss Quasi-Tiling Lemma [13j one can easily prove that 
if {Gn}^=i is a Folner-sequence in the Cayley graph of a finitely generated amenable group T 
then they form a weakly convergent antiexpander sequence. Note that these graph sequences 
might have exponential growth. 

3 Operators on graph sequences 
3.1 The weak convergence of operators 

Recall that for a finite graph G the Laplacian Aq : L^(y{G)) L'^{{V{G)) is a linear operator 
acting the following way 

(AG/)(x) = deg(x)/(x)-^/(y). 

In general, let us consider linear operators A on the vertex set of a finite a graph G given by 
operator kernels A : V{G) x V{G) M: 

Afix)= ^ A{x,y)f{y). 

yeV{G) 

Note that we shall slightly abuse the notation and use the same letter for an operator and 
its operator kernel. Now let a G A{d, r, X, S) and let H he a rooted {X, 5)-colored graph 
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representing the class a. Suppose that / : V{H) ^ M is a function that is invariant under the 
rooted colored automorphisms of H (i.e. f{x) = f{a{x)) if cr is a rooted colored automorphism). 
Then the function / can be viewed as a function on the vertices of a. We call such a function 
an invariant function on a. Now let G = {Gn}^=i be a weakly convergent sequence of 
{X, S')-graphs of vertex degree bound d and let A = : V{Gn) x V{Gn) M be a sequence 
of operator kernels such that: 

• There exists a uniform bound uia > such that sup^gp^ sup^. j^gy ((^^^ |A„(x,y)| < m\ . 

• There exists a uniform bound sa > such that for any n > 1, x,y e V{Gn), An{x, y) = 
if dG„{x,y) > SA- 

• For the same constant sa, if a G A{d, sa, X, S) and lim„^oo Pg„ (c*) 7^ 0, then there exists 
an invariant function on a such that if the SA-ncighborhood of a vertex x represents 
the class a then A„(x, .) represents on Bsj^{x). That is the operators depend only on 
the local patterns. 

Then we call the sequence A = {A„}J^^ be weakly convergent operator sequence on 

G = {Gn}n=l- 



Example 1 Let G = {Gn}^=i be a weakly convergent sequence of finite graphs of bounded 
vertex degrees, then {^Gn}?t=i ^ weakly convergent sequence of operators. 

Lemma 3.1 Let G = {Gn}'^=i be as above and A = {^n}^i and B = {Bn}'^=i be weakly 
convergent operator sequences. Then both AB = {yl„i3„}J^^ and A + B = {An + Bn}'^^i are 
weakly convergent operator sequences. Also, A* = {^Jjj^i is a weakly convergent operator 
sequence. 

Proof. Note that 

AnBn{x,y)= J2 An{x,z)Bn{z,y). (4) 

Hence 

• AnBn{x, y) = if daS^, y)> sa + s-q. 

• \AnBn{x,y)\ < mAiriBt, where t is the maximal possible number of vertices of a ball of 
radius sa in a graph G of vertex degree bound d. 
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Now let y,z G V{Gn) such that Bsj^+ssiv) — ^SA+ssi^) these balls are represented by 
a so that lim„_^ooPG„(a) 7^ 0. By the pattern invariance assumption and the equation ([4]), 
AnBn{y, .) and AnBn{z, .) represent the same invariant function. This shows that {AnBn}^^i 
is a weakly convergent sequence of operators. The case of {An+Bn}^^i can be handled the same 
way. Now let us turn to the adjoint sequence. Clearly, = An{y,x). Again, suppose 

that the 2sA-neighborhoods oiy,z G V{Gn) are rooted colored isomorphic and represent a class 
a such that limj^^oo PGnia) / 0. Then it is easy to check that A*{y, .) and A*{z, .) represent 
the same invariant function that is jj^^ is a weakly convergent operator sequence. I 

By our previous lemma if G = {Gn}'^=i is a weakly convergent sequence of (^,5") graphs 
with vertex degree bound d then the weakly convergent operator sequences form a unital *- 
algebra "Pg- 

3.2 The trace 

Let G = {Gn}^=i be a weakly convergent sequence of {X, S)-gicaphs and Pg be the *-algebra 
of weakly convergent operator sequences. We call B = {Bn}'^=i a nulloperator if for any 
a € A{d, SB, X, S) the associated invariant function is zero. Clearly, the nulloperators are 
exactly those weakly convergent operator sequences, where 

\{{x,y)\B^ix,y)^0}\ _ 

\ViGn)\ 



n— >oo 



It is easy to see that the nulloperators form an ideal A/'g in T^G- For a weakly convergent 
operator sequence A = {vlnlJ^Li define 

1 . , . , 1 



TrG(A) := lim V An{x,x) = lim — — — Tr (A 

n^oo |y(G„)[ ^^^^^^ n^oc\V{Gn)\ 



Proposition 3.1 1. The limit in the definition of TrG,{A) does exist. 

2. Ttq, is a trace, that is a linear functional satisfying TrG(AB) = TrG(BA) . 

3. TrG is faithful on the quotient space Vg/Mg that is TrG(A*A) > if A ^ Afc and 
rrG(B) = i/B gAAg. 



16 



Proof. Let a G A{d,SA,X,S) and T{Gn,a) be the set of vertices in such that 

is represented by a. 

E PG„(a)/.^W + o(l), 

{a6^(<i,SA,^,S) |lim„_ooPG„(a)^0} 

where f^{r) is the value of the invariant function at the root. Thus the hmit exists and equals 
to 

E PG.{a)f^ir). (5) 

{aeA{d,SA,X,S) I lim„^oo Pg„ (a)7^0} 

Observe that second statement of the proposition follows immediately from the fact that 



Let B G Mg then clearly 



hence TrG(B) = 0. Now let B ^ ATg- Then 

x£V{Gn ) yev(Gn ) 

= ^vk}\ ^ < ^ 

' xeV{G„) yeV{G„) 

If there exists at least one a G A{d, sb , -S") such that lim„_^.oo PG„ (en) 7^ and the associated 
invariant function is non-zero then 

n-oo \V{Gn)\ n-.oo ^^^^^ 

3.3 The von Neumann algebra of a graph sequence 

The von Neumann algebra of G, is constructed by the GNS-construction the usual way. 
The algebra Vg/Mg is a pre-Hilbert space with inner product 

([A],[B])=TrG(B*A), 

where [A] denotes the class of A in Vg/J^G ■ Then L[a][B] = [AB] defines a representation 
of VgI-^g on this pre-Hilbert space. 
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Lemma 3.2 L^^] is a bounded operator for any A € Vg- 

Proof. Let A, B G Pg- Denote by || || the pre-Hilbert space norm. Then 

||Bf =TYG(B*B)=TYG(BB*) = Jim — i— Yl (ElBl^,^)^)- (6) 

' ^ ""'^ xeV(Gr^) y&v 

IILaBIP = (AB, AB) = Tr g((AB)*AB) = TrG(B*A*AB) = TrG(BB*A*A) = 



' ^ ^' xey(G„) {yeV(G„)|dG„(a^,y)<*BB*} 



Note that 



\BnBl{x,y)\ = \ Bn{x,z)Bl{z,y)\< ^ z)||i?„(y, z)| < 



Let := i:3;ey(G„) \Bn{x^y)? ■ Then by © 



IBIP = hm 



Hence 

E ( E Ik 

where T is the maximal possible number of vertices in an ball of radius sbb* in a graph of 
vertex degree bound d. Hence < ""ia'A^HBIP . I 

Thus Vg /A/'g is represented by bounded operators on the Hilbert-space closure. Now the von 
Neumann algebra A'^g is defined as the weak-closure of Vg/J^g- Then the trace 

TrG([A]) = (L[A]l,l) 

extends to A'^g as an ultraweakly continuous, faithful trace. If A = {vl^l^i is a weakly 
convergent operator sequence then we call [A] G A'^g the limit operator of A. 
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3.4 Representation in the von Neumann algebra and the integrated density 
of states 

In the whole subsection let G = {Gn}^=i be a weakly convergent subsequence of finite connected 
graphs with vertex degree bound d and B = {-B„}^]^ be a weakly convergent sequence of self- 
adjoint operators. 

Lemma 3.3 [B] G iVc is a self-adjoint operator. 
Proof. 

([X],L[,][y]) = Jim ^Tr((i.„y„)*X„) = Jim I 



Lemma 3.4 There exists some K > depending on B such that ||-B„|| < K for any n > 1. 
For the unit vectors f,gE L^(F(G„)) 

\{Bnif),g)\ = I E M^,y)fi^)9{y)\ < ^bI J2 fi^)9{y)\ < 

x,yeV{Gn) {x,y&V{Gr^) | da^ {x,y)<SB} 

<mB\ J2 fi^)+9\y)\- 

{x,yeV(G„),dGn i^,y)<SB} 

The number of occurrences of f^{x) resp. g^{y) on the right hand side is not greater than 
t{d, sb) the maximal possible number of vertices in a ball of radius sb of in a graph of vertex 
degree bound d. Hence 

Il-Bnil < 2mBt(d, Sb) ■ I 

Since [B] G A^g is a self-adjoint element of a von Neumann algebra we have the spectral 
decomposition: 

/•OO 

[B]=/ XdE^^\ 
Jo 

[Bl 

where E-^ € A^'g is the associated spectral projections X[o,A](P])- The spectral measure 
/X[B] is defined by 



/X[b]([0,A]):=TVg(4^1). 

Note that the spectral distribution of ^upj is just A^[b](A) = /^[b]([0) ^]) ■ Let us notice that the 
spectral distributions Nb„ also define probability measures on M by oo, A] = -/Vb„(A) . 
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Theorem 1 (the existence of the integrated density of states) The probability measures fj,Bn 
weakly converge to /xp] • Thus for any continuity point A of A^[b] we have the Pastur-Shubin 
formulas 



lim Ns^iX) = TrciE^^^ 

n— »oo 



Proof. If P G M[x] is a polynomial then 

£p(A)d.B„(A) = ^TV(P(B„)) 



and 



where 



£p(A)*B(A) = p;i^IV<.(P(B)), 



a := max{||[B]||,sup \\Bn\\} ■ 

n>l 

By definition, lim„^oo Jv^]^ i^n) = T^g{[B]'') thus 

lim r P(A) d/XB„(A) = P(A) d/XB(A) . 
That is weakly converge to /xb- i 

3.5 Strong convergence of graphs implies the uniform convergence of the 
spectral distribution functions 

The goal of this subsection is to prove the following proposition. 

Proposition 3.2 Let G = {Gn}'^=i be a strongly convergent graph sequence of vertex degree 
bound d. Let B = {-Bn}^i be a weakly convergent sequence of operators on G = 
Then the spectral distribution functions Nb„ uniformly converge. 

Proof. First we need an elementary lemma on small rank perturbations. 

Lemma 3.5 Let C : — >■ M", D : ^ be self-adjoint linear transformations such that 
Rank(C — D) < en. Let Nc resp. Nd be the normalized spectral distribution functions of C 
resp. ofD. Then 

\\Nc-ND\\oo<e. 
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Proof. Since Nc{X) = Nc+r id{^ + r) we can suppose that both C and D are positive operators. 
We cah V C R" an Mc-subspace if for any v £ V: \\Cv\\ < X\\v\\ . Let dc(A) denote the 
maximal dimension of a Mc-subspace. Observe that dc{X) = nNc{X) that is the number 
of eigenvalues not greater than A. Indeed, if is the space spanned by the eigenvectors 
belonging to eigenvalues larger than A then V PI = for any Mc-subspace V. Therefore 
dimy < 11 — dimVF^ . On the other hand, dimVF^ = n — diml^^ , where is the subspace 
spanned by the eigenvectors belonging to eigenvalues not greater than A. Since is an 
Mc-subspace dc(A) = nNc{\)- 

If Rank(C - D) < en, then dimker(C - D) > n - en. Let Qx = n ker(C - D). Then 
dimQx > dimW^ — en and Qx is an Mo-subspace of M". Therefore |iVc(A) - Nn{X)\ < e. I 
Now let us return to the proof of our proposition. Suppose that 6p{Gn,Gm) < fj, where C is 
the maximal possible number of vertices of a ball of radius sa in a graph of vertex degree bound 
d. Let q,r be natural numbers such that 5s{qGn,rGm) < fj- We define the linear operator An 
the following way. 

• An{x,y) = An{x,y) if x and y are the vertices in a component of qGn corresponding to 
the vertices x and y. 

• An{z,w) = if f and w are not in the same component. 

Clearly, the normalized spectral distribution of An is exactly the same as the one of An- We 
define Am similarly on rGm- Now let Am{z,w) defined as Amieriz), a{w)). 

Lemma 3.6 Suppose that 6{qGn, {rGmY) < jjj then Rank{An — A'^) < e\V{qGn)\. 

Proof. It is enough to prove that 

dimker(i„ - i^) > \V{qGn)\ - e\V{qGn)\ ■ 

Let X € V{qGn) and Vx be the vector in L'^{qGn) having the value 1 at x and everywhere 
else. Clearly, if the SA-neighborhood of x in qGn is the same as the sa neighborhood of x in 
{rGmY then [An — Am)vx = 0. If x is not such a vertex, then x in the SA-neighborhood of an 
exceptional vertex of qGn- Thus the number of such vertices is not greater than G-^\V{qGn) \ ■ 
Thus the lemma follows. I 

By Lemma[331 the normalized spectral distributions {Na„}'^=i converge, that proves our propo- 
sition. I 
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4 Finite range operators on infinite graphs 

4.1 Antiexpander graphs 

We say that an amenable (see Introduction) (X, S')-graph has uniform patch frequency 
(UPF) if ah of its F0lnersubgraph sequences are weakly convergent. We call G an an UPF- 
antiexpander if : 

• G is an amenable graph with the U P-F-property. 

• All F0lner subgraph sequences are antiexpanders. 

Example 2 Let T he a finitely generated amenable group and 

5 = {si, S2, • • • , Sd, Si"^, §2 ^) • • • ) '^d ^} ^ symmetric generating system. Consider the Cayley- 
graph Cay{T,S), where 

• V{Cay{T,S)) = T. 

• {x,y) € E{Cay{T, S)) if jx = y for some 7 G 5. 
In this case the edge color of {x,y) is 7. 

Then Cay(T,S)) is an UPF- antiexpander (see the the end of Subsection [2^) . 

Example 3 The D clone- graphs in 1 10^ . J 11 ^ are antiexpanders (since they have polynomial 
growth) and they have the UPF-property. 

4.2 Self-similar graphs 

The goal of this subsection is to provide ample amount of examples of UPF-antiexpanders, 
namely self-similar graphs (see e.g. [9] and the references therein for similar constructions). 
First we fix two positive integers d and k. Let Gi be a finite connected graph with vertex 
degree bound d with a distinguished subset C Vi(Gi), which we call the set of connecting 
vertices. Now we consider the graph Gi , which consists of k disjoint copies of Gi with following 
additional properties: 

• The graph Gi is identified with the first copy. 

• In each copy the vertices associated to a connecting vertex of Gi is a connecting vertex 
of the graph Gi . 
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The graph G2 is defined by adding some edges to Gi such that both endpoints of these new 
edges are connecting vertices. We must also ensure that the resulting graph still has vertex 
degree bound d. Finally the subset S2 C V{G2 ) is chosen as a subset of the connecting vertices 
of Gi such that 5*2 H V{Gi) = 0. That is Gi C G2 is a subgraph and the connecting vertices 
of G2 arc not in Gi . Inductively, suppose that the finite graphs Gi C G2 C . . . C Gn are 
already defined and the vertex degrees in G„ are not greater than d. Also suppose that a set 
Sn C V{Gn) is given and Sn n V{Gn-i) = 0- Now the graph G„ consists of k disjoint copies of 
Gn and 

• The graph Gn is identified with the first copy. 

• In each copy the vertices associated to a connecting vertex of G„ is a connecting vertex 
of the graph Gn- 

Again, Gn+i is constructed by adding edges to G„ with endpoints which are connecting 
vertices, preserving the vertex degree bound condition. Then the set of connecting vertices 
Sn+i is chosen as a subset of the connecting vertices of Gn, such that Sn+i n V{Gn) = • The 
union of the graphs {Gn}^=i is connected infinite graph with vertex degrees not greater than 
d. We call the graph G self- similar if lim^^oo \y(^Q )| = 0. 

Proposition 4.1 Self-similar graphs are UPF-antiexpanders. 

Proof. First of all note that dGn C Sn, hence self-similar graphs are amenable. 

Lemma 4.1 For any e > there exists > and G N such that if H C G is a finite 
spanned subgraph and ^ v{H)\ ^ ^'^ then dp{H,GqJ < e. 

Proof. By our construction, for any n > 1, V{G) = U^^y(G^), where 

• Gn (as a spanned subgraph) is isomorphic to G„. 

_ \dG\^\ ^ _ \Sn\ 
\V{&^)\ i Cn - |y(G„)| • 

Now we choose so large that c^^ < | . Then let 5^ = lojy^"^- We suppose that < "Re- 

consider the set of indices Ih such that z G /ij if and only if V{GqJ fl V{H) ^ 0. Also, let 
i & Jh ^ Ih and only if V{GgJ C V{H). If i G J//, then we call G*^ an inner copy of Gg^ 
in H. Clearly, 

\JH\\V{GgJ\<\Vm<\lH\\V{Gl)\. (7) 
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Note that if z E Ih\Jh then there exists an element of x € dH D V{Gq^). Therefore 
\Ih\Jh\ < \dH\ . By our assumption, 

\lH\JH\\V{G,J\<6,\V{G,MVm. 

Hence by ([7]) 

\V{H)\ - \Jh\\V{G,J\ < 6,\V{G,MVm . (8) 

Now we estimate the geometric graph distance of H and Gq^. First consider dis- 
joint copies of H and disjoint copies of Gq^ on the same vertex set V of cardinahty 
|y(GqJ||F(-ff)|. Choose a permutation a G S{V) that maps each of the |^H||^(GgJ| inner 
copies of Gq^ in \V{GqJ\H isomorphically into one of the copies of Gq^. Observe that if 
the star of a vertex x & V is not the same in \V{GqJ\H as in \V{H)\Gq^ then 

• either x is not in one of the inner copies 

• or a; is on the boundary of one of the inner copies. 
Hence by ([8]) and our assumption 

6ii\ViGqJ\Hr),\VmGqJ< 



S,\ViGqJ\'\Vm + c,AV{GqMVm 



\v{GqMvm 

That is 

SpiH,GqJ<5,\ViGqJ\+Cq^<e. I 

Now we turn back to the proof of our proposition. It is enough to prove that if {Hn}'^=i is a 
F0lner-subgraph sequence then it is Cauchy in the (5p-metric. However by the previous lemma, 
if n,m are large enough then 5p{Hn,GqJ < e and 5p{Hm,GqJ < e, that is 5p{Hn, Hm) < 2e. 
I 

4.3 The main result 

Let G be an infinite connected {X, S')-graph with bounded vertex degrees and A : V{G) x 
V{G) ^ M be an operator kernel. We call A a pattern-invariant finite range operator if there 
exists some sa such that 

• A{x, y) = if dcix, y) > sa 

• A{x,y) = A{(j){x) , (j){y)) if is a rooted color isomorphism from Bg^^x) to Bsj^{4>{x)). 
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Let G = {Gn}'^=i be spanned subgraph sequence in G. Then the finite volume approx- 
imation of A on G is the sequence An : V{Gn) x V{Gn) — > IR, where An{x,y) = A{x,y). 
In [11] Lenz and Stollmann proved that if ^ is a pattern-invariant self-adjoint operator on a 
Delone-graph then the spectral distribution functions of {j4„}J^^ associated to an arbitrary 
F0lner-sequence converge uniformly to an integrated density of state. 

Let s G ML be a self-adjoint element of the group algebra of a finitely generated amenable group 
r, then s defines a pattern-invariant self-adjoint operator A'^ on Cay(r, S) by 

• A^{x,y) = if y = 7X and s = ^ c^7 (note that the self-adjointness of s means that 

Again we have an associated sequence of finite dimensional approximation for any Folner se- 
quence {Gn}^=i- Then the spectral distributions of the operators {Af^}^^^ are converge uni- 
formly to the spectral measure of s in the von Neumann algebra of the group F [3J. Our main 
result for infinite graphs generalizes the two results above answering Question 1. for a large 
family of graphs. 

Theorem 2 Let G be an infinite antiexpander {X, S) graph with uniform patch- frequency. Let 
A be a self-adjoint finite range pattern-invariant operator on G. Then for any F0lner- sequence 
{Gn}^=i the normalized spectral distributions of the finite volume approximations A = 
uniformly converge to an integrated density of state that does not depend on the choice of the 
F0lner- sequence. 

Proof. Let G = {Gn}^=i and G' = {G'n}'^=i be two F0lner-sequences in G. with associated 
approximating operator sequences A = and A' = {^^}^]^. Let X' = X U {t} and 

let H = {Hn}'^=i resp. H' = {ff^lJ^Li be the (X', 5)-graph sequences obtained by recoloring 
the vertices in dGn resp. in by the extra color t. Observe that A resp. A' are weakly 
convergent operator sequences on H resp. on H' . Note that if a G A{d,SAiX' .,8) contains a 
vertex colored by t then lim„_oo (a) = hm„^oo l^/f; (a) = 0. Also, if lim„_+oo Ph„ (a) / 
then f^ = f^, where f^ is the invariant function on a associated to the finite range operator 
A. 

Lemma 4.2 The spectral measures of the limit operator [A] of A = {An}'^^i in Nh resp. of 
the limit operator [A'] of A' = {A'^}^^^ in f^jji coincide. 
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By Lemma [5l 

TrH([A]'=) = lim ^^Tr (^^,) = ^ lim Pi/„(a)/^'(r) , 

a€A{d,ksA,X',S) 

where fa'^{r) is the value at the root of the invariant function on a associated to A'^. Similarly, 
TYh'([A?) = hm ^—T,{{A'^f) = PHM)f^'\r). 

aeA{d,ksA,X',S) 

By the pattern invariance of the finite range operator A for any a £ A(d, ksA, X' , S), 

lim p//„(a) = lim p^; and /^'(r) = /^^')*(r) . 
Therefore the lemma follows from the definition of the spectral measure. I 
Consequently, by Theorem [T] we have the following corollary. 

Corollary 4.1 Let G,A, A = {yl^jj^]^ he as in Theorem\^ Then the normalized spectral dis- 
tribution functions {Na„}'^=i converge in any continuity point of a monotone right- continuous 
function g that does not depend on the choice of the F0lner- sequence. 

Now suppose that {A^a„}$^i does not converge uniformly to g. Then there exists a subsequence 
{^^nj.}feLi such that for each /c > 1, 

||iVA„, -Siloo >e>0. 

By our previous lemma and Proposition 12.41 we can pick a subsequence of {Na^^. IfcLi which 
uniformly converges. The limit function / is right-continuous and at the continuity points of 
g', / must coincide with g. Thus g = f, leading to a contradiction. This proves Theorem [2j I 

Remark: If we apply Theorem [2] for Laplacian operators as in Question 1 we encounter a 
small difficulty. Namely, the finite volume approximation operators of the Laplacian of G on 
the F0lner-subgraphs {Gn}^=i are not the Laplacian operators A^^ , since the degree of a 
vertex in the subgraph and in the original graph are different if the vertex is on the boundary. 
Nevertheless we have the estimate 

Rank(p„AGi„ - Ag„) < |«9G„| . 

That is by our Lemma [331 the limits of the normalized spectral distributions of {pn^G'i"n}^=i 
and of {Ag„}^^i coincide. 
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